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Abstract

In this article, we present a rigorous reformulation of the Bell–Delaware model for

the design optimization of shell and tube heat exchanger to obtain a linear model.

We extend a previously presented methodology1,2 of rigorously reformulate the

mixed-integer nonlinear programing Kern model and we add disjunctions to automat-

ically choose the different correlations to calculate heat transfer coefficients and

pressure drop under different flow regimes. The linear character of the formulation

allows the identification of the global optimum, even using conventional optimization

algorithms. The proposed mixed-integer linear programming formulation with the

Bell–Delaware method is able to identify feasible solutions for the design of heat

exchangers at a lower cost than those obtained through conventional design formula-

tions in the literature. Comparisons with the Kern method also indicate an average

22% difference (usually lower) in area.

K E YWORD S

design (process simulation), optimization

1 | INTRODUCTION

The traditional approach for the design of shell-and-tube heat

exchangers involves a trial-and-verification procedure, where for each

solution candidate, a skilled engineer must identify the constraint viola-

tions (e.g., shell-side pressure-drop higher than the allowable value) and

propose modifications to attain a feasible solution (e.g., increase the

baffle spacing or other changes).1 Because this procedure usually stops

when a feasible exchanger is obtained as often recommended, the

resulting solution is not necessarily optimal and usually depends on the

initial choices. Contrasting, optimization tools have also been proposed,

where the objective function is the heat exchanger area for a given set

of allowable pressure drops or the total annualized cost, encompassing

capital and operating costs.2 There are also multiobjective approaches.3

Design procedures based on heuristic methods search for the opti-

mal solution employing graphical4 or screening algorithms5 associated

to the thermofluid dynamic model of the equipment. Metaheuristic

methods employ randomized search algorithms associated to a rating

routine that provides the performance of each visited solution candi-

date (simulated annealing,6 genetic algorithms,7,8 particle swarm

optimization,9 artificial bee colony,10 firefly algorithm,11 etc.). Their

performance was compared in several papers12–14 and their hybridi-

zation with mathematical programming was also explored.15

Among different alternatives using mathematical programming,

Jegede and Polley2 presented a nonlinear programming model

where the independent variables are the tube-side and shell-side

heat transfer coefficients (or a convective heath transfer coeffi-

cient and the area). In turn, Mizutani et al.,16 Ravagnani and

Caballero,17 and Onishi et al.18 considered some optimization vari-

ables to be discrete, which yielded nonconvex mixed-integer

nonlinear programing (MINLP) problems. In addition, Gonçalves

et al.19 showed that the nonlinear equations of the heat exchanger

model based on the Kern method can be reformulated as a mixed-

integer linear programming problem (MILP), whose solution is
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therefore global. They also proposed a more efficient integer linear

programming problem formulation.20

Due to the complexity of the shell-side flow, a key-issue in the

heat exchanger modeling is the corresponding thermofluid dynamic

modeling.21 The stream analysis method22 is considered to be the

most accurate model employed in heat exchanger design, but

because the details are proprietary, the methods of Kern23 and

Bell–Delaware24,25 are still popular. The Bell–Delaware method is

more accurate than Kern method, because it explicitly accounts for

the influence of each individual by-pass and leakage streams in the

shell-side.

The central aspect in this article is to show that the mathematical

techniques developed by Gonçalves et al.19,20 to transform nonlinear

(and nonconvex) equipment models to linear ones can also be

employed when several disjunctions for laminar and turbulent flow

for tube-side and shell-side flows are needed (e.g., as it occurs in the

Bell–Delaware method).

2 | NONLINEAR HEAT EXCHANGER DESIGN
MODEL

We consider single E-type shell, single phase on both sides, single seg-

mental baffles uniformly distributed without sealing strips and several

tube passes, fixed fouling factors and we ignore pressure drops in the

nozzles and the tube lane partition bypass stream. Eight design vari-

ables characterize each candidate solution: number of passes on the

tube-side (Npt), tube diameter (outer and inner: dte and dti), tube lay-

out (lay), tube pitch ratio (rp), number of baffles (Nb), shell diameter

(Ds), tube length (L), and baffle cut ratio (Bc). The tube pitch ratio is

the ratio between the tube pitch and the outer tube diameter. The

baffle cut ratio is the ratio between the baffle cut and the inner shell

diameter. We show model parameters using the symbol “^” on the

top. The discrete nature of the design variables is represented by the

following generic constraints for dte.

dte=
Xsdmax

sd=1

dpdtesd ydsd ð1Þ

Xsdmax

sd=1

ydsd =1 ð2Þ

The rest of the discrete variables are dti, Ds, lay, Npt, rp, L, Nb, and Bc.

The corresponding parameters are dpdtisd, dpDssDs, bplayslay , dpNptsNpt,dprpsrp,cpLsL, dpNbsNb, and dpBcsBc, respectively. The set of constraints is accom-

panied by a summation of binaries (yDssDs, ylayslay, yNptsNpt, yrpsrp,

yLsL, yNbsNb, and yBcsBc) equal to 1 so that only one option is chosen.

The clearances and diameters are illustrated by Figure 1: Dctl is

the diameter of the circle delimited by the centers of the outer tubes

of the bundle, and Dotl is the tube bundle diameter. They are related

to other variables by:

Dctl=Ds−Lbb−dte ð3Þ

Dotl=Ds−Lbb ð4Þ

where Lbb is the diametral clearance between the shell and the

tube bundle. Two angles associated to the model are also defined: θDs

is the central angle defined by the intercession of the baffle cut edge

with the shell and θctl is the central angle delimited by the interces-

sion between the baffle cut edge and the circle associated to the cen-

ters of the outer tubes. They are related to other variables as follows:

θDs=2arccos 1− 2Bcð Þ½ � ð5Þ

θctl=2arccos
Ds
Dctl

1− 2Bcð Þ½ �
� �

ð6Þ

The total number of tubes in a given shell (Ntt) and their relation

to diameters and other variables are available in tube count tables

F IGURE 1 Geometry for (a) diameters Dctl, Dotl, and Ds and (b) angles θDs and θctl
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with mathematical equations and algorithms for its evaluation.26 In

this article, we use a set of equations from Taborek,27 organized as

mathematical constraints of the optimization problem, as follows:

Ntt=
0:78Dctl2

C1 ltp2
1−ψnð Þ ð7Þ

The parameter C1 is equal to 0.866 for a 30� layout or 1.00 for

45� and 90� layouts. Therefore:

C1=0:866ylay1 + 1:00 ylay2 + ylay3ð Þ ð8Þ

The correction factor ψn represents the omission of tubes inside

the shell due to the presence of multiple tube passes. Based on a

graph published by Taborek,27 this parameter can be represented by a

set of values, which depends on the number of tube passes and the

shell diameter (for the sake of simplification the dependence on the

tube diameter was dismissed):

ψn =
XsNptmax

sNpt=1

XsDsmax

sDs=1

dPψn

� �
sNpt,sDs

yNptsNptyDssDs ð9Þ

where the values of the parameter dPψn

� �
sNpt,sDs

are displayed in the

Supporting Information.

Next, Ntcc is the number of tube rows crossed between baffle tips

and Ntcw is the effective number of tube rows crossed in the baffle

window:

Ntcc=
Ds
Lpp

1− 2Bcð Þ½ � ð10Þ

Ntcw =
0:8
Lpp

DsBcð Þ− Ds−Dctlð Þ
2

� �
ð11Þ

where Lpp is equal to 0.866ltp for 30� layout (slay = 1), ltp for 90� lay-

out (slay = 2), and 0.707ltp for 45� layout (slay = 3). This relation is

represented by:

Lpp=0:866 ltp ylay1 + ltp ylay2 + 0:707 ltp ylay3 ð12Þ

The total number of rows crossed along the entire heat exchanger

(Nc) is given by:

Nc= Ntcc+Ntcwð Þ Nb+1ð Þ ð13Þ

where Nb is the number of baffles. For a uniform distribution of the

baffles along the tube length, the relation between the baffle spacing

(lbc) and the number of baffles is:

Nb= L=lbc−1 ð14Þ

The fraction of the number of tubes inside one window (Fw) is:

Fw =
θctl− sinθctl

2π
ð15Þ

Then, the fraction of the number of tubes in pure cross flow

between baffle tips (Fc) is:

Fc=1−2Fw ð16Þ

The cross-flow area is delimited between adjacent baffles, evalu-

ated at the shell center:

Sm= lbc Lbb+
Dctl
ltpeff

ltp−dteð Þ
� �

ð17Þ

where ltp is the tube pitch, and ltpeff is the distance between tubes

along the rows perpendicular to the flow. The value of ltpeff depends

on the tube layout, it is equal to ltp for 30� and 90� layouts and it is

equal to 0.707ltp for 45� layout:

ltpeff = ltp ylay1 + ylay2 + 0:707 ylay3ð Þ ð18Þ

According to the definition of the tube pitch ratio:

ltp= rp dte ð19Þ

The flow through the baffle window is associated to the free flow

area in that region (Sw), that is calculated by the difference between

the gross window flow area (Swg), that is, excluding the presence of

the tubes, and the area occupied by the tubes (Swt):

Sw = Swg−Swt ð20Þ

Swg =
π

4
Ds2

θDs− sinθDs
2π

� 	
ð21Þ

Swt=Ntw
π

4
dte2

� �
ð22Þ

where Ntw is the number of tubes in the window, which is equivalent

by the total number of tubes (Ntt) multiplied by the fraction of the

number of tubes in one window (Fw):

Ntw =Ntt Fw ð23Þ

The flow area between the shell and the baffle (Ssb) is:

Ssb= πDs
Lsb
2

� 	
1−

θDs
2 π

� 	
ð24Þ

where Lsb is the shell-to-baffle diametral clearance.

The area of the flow through the hole leakage area of the baffle

(Stb) is:

Stb=Ntt 1−Fwð Þ π

4
dte+ Ltbð Þ2−dte2

h in o
ð25Þ
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where Ltb is the tube-to-baffle clearance. The bypass flow area

between the tube bundle and the shell is given by:

Sb= lbc Ds−Dotlð Þ+ Lpl½ � ð26Þ

where Lpl expresses the effect of the tube lane partition bypass width

(in the proposed model, this gap was dismissed, then Lpl = 0).

The model also contains factors related to the area ratios: rs is the

ratio of the shell-to-baffle leakage area to the sum of this area and the

tube-to-baffle leakage area, rlm is the ratio of both leakage areas to

the cross-flow area, Fsbp is the ratio of the bypass area between the

tube bundle and the shell to the cross-flow area:

rs=
Ssb

Ssb+ Stb
ð27Þ

rlm=
Ssb+ Stb

Sm
ð28Þ

Fsbp=
Sb
Sm

ð29Þ

Expressions for evaluation of the clearances Lbb (for fixed

tubesheet or U tubes) and Lsb (based on TEMA standards28) are given

by Taborek,27 respectively:

Lbb=12:8 �10−3 + 4:8 �10−3Ds ð30Þ

Lsb=3:1 �10−3 + 4 �10−3Ds ð31Þ

The diametral clearance between the outer tube diameter and the

baffle hole is also established by TEMA standards, as follows:

dte>0:03175m! Ltb=0:008m ð32Þ

dte≤0:03175mand lbmax≤0:900m! Ltb=0:008m ð33Þ

dte≤0:03175mand lbmax>0:900m! Ltb=0:004m ð34Þ

where lbmax is the maximum unsupported span of the tubes, calcu-

lated according to TEMA recommended values (see Equation (93)). In

the optimization problem, the relations related to Equations (32)–(34)

are represented by a set of values that can be calculated previously

depending on the design alternatives:

Ltb=
Xsdmax

sd=1

XsLmax

sL=1

XsNbmax

sNb=1

dpLtbsDs,sL,sNb ydsd yLsL yNbsNb ð35Þ

2.1 | Shell-side thermal and hydraulic equations

There are some slightly different variations in the literature of the

Bell–Delaware method.22 We employ equations based on Taborek.27

The heat transfer coefficient is calculated using the Reynolds

(Res= dteGs=cμs ) and Prandtl numbers (cPrs=dCpscμs= bks) for the shell-

side stream, associated to the mass flux Gs= cms=Sm:The shell-side heat

transfer coefficient corresponds to the ideal tube bank coefficient (hi)

multiplied by a series of factor that accounts the by-pass and leakage

streams:

hs= hi Jc Jl Jb Jrð Þ ð36Þ

where Jc is the segmental baffle window correction factor, Jl is the

correction factor for baffle leakage effects, Jb is the correction factor

for bundle to shell bypass effects, Jr is the correction factor for adverse

temperature gradient in laminar flow. The original Bell–Delaware

method also uses a correction factor for unequal baffle spacing at the

inlet or outlet (we do not include it here; we use uniform distribution of

the baffle spacing). In turn, the shell-side heat transfer coefficient for

ideal tube bank is given by:

hi= jidCpsGs cPrs−2=3 ð37Þ

where ji is the Colburn's heat transfer factor for ideal tube bank flow:

ji= a1
1:33
rp

� 	a

Resa2 ð38Þ

The parameters a, a1, a2, and a3 are given by:

a=
a3

1+0:14Resa4
ð39Þ

a1=
XsResmax

sRes=1

Xslaymax

slay =1

dPa1sRes,slayyRessResylayslay ð40Þ

a2=
XsResmax

sRes=1

Xslaymax

slay =1

dPa2sRes,slayyRessResylayslay ð41Þ

a3=
XsResmax

sRes=1

Xslaymax

slay =1

dPa3sRes,slayyRessResylayslay ð42Þ

a4=
XsResmax

sRes=1

Xslaymax

slay =1

dPa4sRes,slayyRessResylayslay ð43Þ

where the values of the parameters dPa1sRes,slay , dPa2sRes,slay , dPa3sRes,slay ,

and dPa4sRes,slay are displayed in the Supporting Information.

The binary variables yRessRes allow the regime choice through:

Res≤10yRes1 + 20yRes2 + 10
2yRes3 + 10

3yRes4 + 10
4yRes5 + 10

5yRes6
ð44Þ

Res≥10yRes2 + 20yRes3 + 10
2yRes4 + 10

3yRes5 + 10
4yRes6 + ε̂ ð45Þ
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XsResmax

sRes=1

yRessRes =1 ð46Þ

where ε̂ is a small positive number and it is required to the correct

identification of the different ranges.

The correction factors that contribute to calculate hs are given by:

Jc= 0:55+0:72Fc ð47Þ

Jl=0:44 1− rsð Þ+ 1−0:44 1−rsð Þ½ �exp −2:2rlmð Þ ð48Þ

Jb= exp −CbhFsbp½ � ð49Þ

Jr = Jr1 yRes1 + yRes2ð Þ+ Jr2 yRes3 + Jr3 yRes4 + yRes5 + yRes6ð Þ ð50Þ

where Cbh is equal to 1.35 for laminar flow (Res ≤ 100) and 1.25

for turbulent and transition flow (Res > 100), thus Cbh corre-

sponds to:

Cbh=1:35 yRes1 + yRes2 + yRes3ð Þ+ 1:25 yRes4 + yRes5 + yRes6ð Þ ð51Þ

The heat transfer correction factors for adverse temperature gra-

dient in laminar flow are:

Jr1=
10
Nc

� 	0:18

forRes≤20 ð52Þ

Jr2= Jr1 +
20−Res

80

� 	
Jr1−1½ � for20 <Res≤100 ð53Þ

Jr3=1 forRes>100 ð54Þ

The shell-side pressure drop (ΔPs) includes the pressure drop in

the flow through the tube bundle between adjacent baffles in cross

flow (ΔPc), the pressure drop in the baffle windows (ΔPw), and the

pressure drop at the end zones (ΔPe):

ΔPs=ΔPc+ΔPw +ΔPe ð55Þ

In turn, the pressure drop of the cross flow between baffle tips is

given by:

ΔPc=ΔPbi Nb−1ð ÞRbRl ð56Þ

where ΔPbi is the ideal bank pressure drop delimited by one central

baffle spacing, Rb is the by-pass correction factor, and Rl is the leak-

age correction factor. Finally, the ideal bank pressure drop between

baffle tips is given by:

ΔPbi=2 fsNtcc
Gs2

ρ̂s
ð57Þ

where fs is the friction factor for ideal tube bank flow, given by:

fs= b1
1:33
rp

� 	b

Resb2 ð58Þ

The values of b, b1, b2, b3, and b4 are represented by the follow-

ing expressions:

b=
b3

1+0:14Resb4
ð59Þ

b1=
XsResmax

sRes=1

Xslaymax

slay =1

dPb1sRes,slayyRessResylayslay ð60Þ

b2=
XsResmax

sRes=1

Xslaymax

slay =1

dPb2sRes,slayyRessResylayslay ð61Þ

b3=
XsResmax

sRes=1

Xslaymax

slay =1

dPb3sRes,slayyRessResylayslay ð62Þ

b4=
XsResmax

sRes=1

Xslaymax

slay =1

dPb4sRes,slayyRessResylayslay ð63Þ

where the values of the parameters dPb1sRes,slay , dPb2sRes,slay , dPb3sRes,slay ,

and dPb4sRes,slay are displayed in the Supporting Information.

The correction factor Rb, considering no sealing strips, is given by:

Rb= exp −CbpFsbp½ � ð64Þ

where Cbp is equal to 4.5 for laminar flow and is equal to 3.7 for transition

and turbulent flow and, for the optimization problem, is expressed by:

Cbp= 4:5 yRes1 + yRes2 + yRes3ð Þ+3:7 yRes4 + yRes5 + yRes6ð Þ ð65Þ

The correction factor Rl is given by:

Rl= exp −1:33 1+ rsð Þ rlmð Þp
 � ð66Þ

p= −0:15 1+ rsð Þ+0:8 ð67Þ

The pressure drop in the baffle windows depends on the mass flux

in relation to the geometric mean of the cross-flow area and the win-

dow area (Gw = cms=
ffiffiffiffiffiffiffiffiffiffiffiffiffi
SmSw

p
). Therefore, the pressure drop expression

(Res<100) for laminar flow is equal to:

ΔPwlam =NbRl 26
Gwcμs
ρ̂s

Ntcw
Ltp−dte

+
lbc

Dw2

� �
+ 2

Gw2

ρ̂s

" #( )
ð68Þ

where the hydraulic diameter (Dw) is equal to:

Dw =
4Sw

π dteNtw + πDs θDs
2 π


 � ð69Þ

The corresponding expression for turbulent flow (Res ≥ 100) is:
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ΔPwturb =NbRl 2+0:6Ntcwð ÞGw
2

2ρ̂s

" #
ð70Þ

Thus, the pressure drop in the baffle windows for the optimization

problem is:

ΔPw =ΔPwlam yRes1 + yRes2 + yRes3ð Þ+ΔPwturb yRes4 + yRes5 + yRes6ð Þ
ð71Þ

The pressure drop at both end zones is equal to:

ΔPe=ΔPbi 1+
Ntcw
Ntcc

� 	
RbRs ð72Þ

where Rs is the end zone correction factor:

Rs=
lbc
lbo

� 	2−n

+
lbc
lbi

� 	2−n

ð73Þ

where n = 1 for laminar (Res < 100) and n = 0.2 for turbulent

(Res ≥ 100). However, according to the assumption that all baffle

spacings are equal, this expression becomes equal to 2.

2.2 | Tube-side thermal and hydraulic equations

The Reynolds (Ret = dti vt bρt= bμt) and Prandtl numbers (cPrt=dCptcμt= bkt)
of the tube-side flow compose the heat transfer correlations

for the determination of the Nusselt number (Nut= ht dti= bkt),
where bρt is the density, dCpt is the heat capacity, cμt is the

viscosity, and bkt is the thermal conductivity. The flow velocity is

given by:

vt=
4cmt

Ntpπ bρtdti2 ð74Þ

where cmt is the mass flow rate and Ntp is the number of tubes per

pass (calculated by the ratio between the total number of tubes, Ntt,

and the number of passes in the tubes, Npt).

The adopted modeling for the evaluation of the convective heat

transfer coefficient in the tube-side contemplates laminar, transi-

tional, and turbulent flow according to the proposal of Incropera

and De Witt.29 The evaluation of the Nusselt number for the turbu-

lent and transition regimes employs the Gnielinski correlation

(2,300 < Ret < 5�106):

NutGni =
ft=8ð Þ Ret−1000ð ÞcPrt

1+12:7 ft=8ð Þ1=2 bPr2=3−1� 	 ð75Þ

where ft is tube-side Darcy friction factor. For the laminar flow

(Ret ≤ 2,300), the effects related to the entry region may be relevant.

Therefore for cPrt>5, the Hausen correlation is employed:

NutHau =3:66+
0:0668 dti=Lð ÞRet cPrt

1+ 0:04 dti=Lð ÞRet cPrth i2=3 ð76Þ

For 0:6≤ cPrt≤5, the calculation of the Nusselt number employs

the Sieder and Tate correlation:

NutS&T =1:86
RetcPrt
L=dti

 !1=3

ð77Þ

However, when the Nusselt falls lower than 3.66 (theoretical

result for fully developed flow), then this limit value is used

(Nuttheo = 3.66).

The head loss in the tube-side flow is1:

ΔPt= bρt ftLNpt
dti

vt2

2
+
bρt K Npt vt2

2
ð78Þ

where the parameter K, associated with the head loss in the heads, is

equal to 0.9 for one tube pass and 1.6 for multiple passes. Considering

all flow regimes, the friction factor is given by1:

ftlam =
64
Ret

for Ret≤1311 ð79Þ

fttrans =0:0488 for 1;311<Ret<3;380 ð80Þ

ftturb =0:014+
1:056

Ret0:42
for Ret≥3;380 ð81Þ

The evaluation of the Nusselt number and the friction factor asso-

ciated to the selection of the proper regime can be expressed using

binary variables:

Nut=Nuttheo yRet1 + yRet2ð Þ yNut1 +NutS&T yRet1 + yRet2ð Þ dPyPrt yNut2
+NutHau yRet1 + yRet2ð Þ 1− dPyPrt1� �

yNut2

+NutGni yRet3 + yRet4ð Þ
ð82Þ

ft= ftlamyRet1 + ft
trans yRet2 + yRet3ð Þ+ ftturbyRet4 ð83Þ

where the parameter dPyPrt is equal to 1 ifdPrt ≤ 5, otherwise it is zero.

The ranges of the Reynolds number associated to the binary variables

are: <1,311 (sRet=1), 1,311 to 2,300 (sRet= 2), 2,300 to 3,380

(sRet=3), and >3,380 (sRet=4). Thus,

Ret≤1;311yRet1 + 2;300yRet2 + 3;380yRet3 + dURetyRet4 ð84Þ

Ret≥1;311yRet2 + 2;300yRet3 + 3;380yRet4 + ε̂ ð85Þ

XsRetmax

sRet=1

yRetsRet =1 ð86Þ
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Nut<3:66 yNut1 + dUNutyNut2 ð87Þ

Nut≥3:66 yNut2 + ε̂ ð88Þ

where ε̂ is a small positive number. The parameter dURet=5�106 is an

upper bond on the Reynolds number, consistent with the validity

range of the Gnielinski correlation. The upper bound parameter dUNut
is assumed equal to 4�10,2 calculated accordingly the value of dURet.
2.3 | Heat transfer rate equation and overall heat
transfer coefficient

For the area equation, we use a design margin (“excess area”, dAexc):
UA≥ 1+

dAexc
100

 !
Q̂dΔTlmF

ð89Þ

The overall heat transfer coefficient is:

U=
1

dte
dti ht +

bRft dte
dti +

dte ln dte
dtið Þ

2dktube + cRfs+ 1
hs

ð90Þ

The area of the heat exchanger is the sum of the area of each

individual tube:

A=Nttπ dte L ð91Þ

where dktube is the thermal conductivity of the tube wall, and cRft andcRfs are the tube-side and shell-side fouling factors. The LMTD correc-

tion factor is 1 for countercurrent flow and, for an even number of

tube passes, depends on the end temperatures (dFmpÞ (see Supporting

Information for the corresponding expression):

F =1 yNpt1 + dFmp
XsNptmax

sNpt=2

yNptsNpt ð92Þ

2.4 | Bounds on pressure drops, flow velocities, and
geometric constraints

Lower and upper bounds constraints on pressure drops and flow

velocities are added and because design recommendations impose

that the baffle spacing must be between 20 and 100% of the shell

diameter27 we use lbc ≥ 0.2 Ds and lbc ≤ 1.0 Ds.

We use TEMA standards upper bound on the maximum unsupported

span of the tubes (lbmax), which prevents sagging and vibration, is depen-

dent on the nature of the material and the outer tube diameter28:

lbmax= dplbmax1dte+ dplbmax2 ð93Þ

where, for tube diameters higher than 19 mm (3/4 in), dplbmax1=52

and dplbmax2=0:532 m for steel and steel alloys, and dplbmax1=46

and dplbmax2= 0:436 m, for aluminum and copper alloys.

The maximum unsupported span is related to the window region,

then the constraint involving the baffle spacing is lbc ≤ lbmax/2.

Finally, the ratio between exchanger length and shell diameter must

be between 3 and 5 (L ≥ 3 Ds and L ≤ 15 Ds).27

2.5 | Objective function

Two alternative objective functions are considered to be minimized. The

first objective function is the area associated to given values of maximum

pressure drops, and the second objective function is the total annualized

cost (capital and operating costs in a yearly basis). According to Mizutani

et al.,16 this alternative of objective function can be represented by:

dacostAcbcost +Pcost ð94Þ

where dacost and dbcost are parameters for the evaluation of the annual-

ized capital cost of the heat exchanger and Pcost is the pumping cost:

Pcost = dccost ΔPtcmtbρt +
ΔPscmsbρs

 !
ð95Þ

3 | DEVELOPMENT OF THE MILP
FORMULATION

To obtain an MILP formulation, we use the relations between the dis-

crete variables and the corresponding binary variables as in previous

work.20,30 Instead of representing each discrete alternative of each vari-

able by an individual index, a single index, srow, is associated to each set

of discrete values which compose a candidate solution. Therefore, a

binary variable yrowsrow expresses the relation between the discrete vari-

ables and the corresponding binary variables. For example, for dte, it is

dte=
X
srow

dPdtesrowyrowsrow ð96Þ

The rest of variables (dti, Ds, lay, Npt, rp, L, Nb, and Bc) are rep-

resented by similar equations using the following parametersdPdtisrow , dPDssrow , bPlaysrow , dPNptsrow ,dPrpsrow , cPLsrow , dPNbsrow , dPBcsrow .
The next step consists of a reformulation.20,30 Thus, an expres-

sion as

pn1qn2� � �znm =
X
srow

cpdsrowyrowsrow

" #n1 X
srow

cqdsrowyrowsrow

" #n2 X
srow

czdsrowyrowsrow

" #nm
ð97Þ

is reorganized to:

pn1qn2� � �znm =
X
srow

cpdsrow� �n1 cqdsrow� �n2
…:: czdsrow� �nm

yrowsrow ð98Þ

We then linearize products of binaries as in previous work.20,30
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4 | MILP FORMULATION

This section presents the complete linear formulation of the optimal

heat exchanger design problem resultant of the application of the

techniques described above.

4.1 | Heat transfer rate equations

Q̂
X
srow

dPdtesrowbkt 1dPNut1wyrowNut1Ret1srow

�"

+
dPyPrtdPNut2srow

wyrowNut2Ret1srow +
1− dPyPrtdPNut3srow

wyrowNut2Ret1srow

+
1dPNut1wyrowNut1Ret2srow +

dPyPrtdPNut2srow

wyrowNut2Ret2srow

+
d1−PyPrtdPNut3srow

wyrowNut2Ret2srow +
1dPNut4srow

wyrowRet3srow

+
1dPNut5srow

wyrowRet4srowg+
X
srow

cRft dPdtesrowdPdtisrow yrowsrow

+
X
srow

dPdtesrow ln cPdtesrowcPdtisrow
� 	

2 dktube yrowsrow + cRfs
+
XsResmax

sRes = 1

X
srow

1dPhssrow,sReswyrowRessrow,sRes�≤

X
srow

πdPNttsrow dPdtesrowcPLsrow 100

100+ dAexc
� 	 dΔTlm F̂srow

� �
yrowsrowÞ

ð99Þ

where dPNttsrow is the total number of tubes that can be calculated

prior to the optimization using Equations (7)–(9). The expressions related

to the other parameters are displayed in the Supporting Information.

4.2 | Binary variables

This constraint imposes that only one design alternative must be chosen:

X
srow

yrowsrow =1 ð100Þ

The representation of the Reynolds number ranges are:

X
sRet

yRetsRet = 1 ð101Þ

X
sRes

yRessRes = 1 ð102Þ

Similarly, for the Nusselt number in the tube-side:

yNut1 + yNut2 = 1 ð103Þ

4.3 | Constraints relating continuous and binary
variables

The linear constraints presented below depict the relations employed

to eliminate the nonlinearities associated to the product of a continu-

ous and a binary variable.

Product of the variables yrowsrow, yNut1, and yRet1:

wyrowNut1Ret1srow ≤ yrowsrow ð104Þ

wyrowNut1Ret1srow ≤ yNut1 ð105Þ

wyrowNut1Ret1srow ≤ yRet1 ð106Þ

wyrowNut1Ret1srow ≥ yrowsrow + yNut1 + yRet1−2 ð107Þ

Product of variables yrowsrow, yNut2, and yRet1:

wyrowNut2Ret1srow ≤ yrowsrow ð108Þ

wyrowNut2Ret1srow ≤ yNut2 ð109Þ

wyrowNut2Ret1srow ≤ yRet1 ð110Þ

wyrowNut2Ret1srow ≥ yrowsrow + yNut2 + yRet1−2 ð111Þ

Product of variables yrowsrow, yNut1, and yRet2:

wyrowNut1Ret2srow ≤ yrowsrow ð112Þ

wyrowNut1Ret2srow ≤ yNut1 ð113Þ

wyrowNut1Ret2srow ≤ yRet2 ð114Þ

wyrowNut1Ret2srow ≥ yrowsrow + yNut1 + yRet2−2 ð115Þ

Product of variables yrowsrow, yNut2, and yRet2:

wyrowNut2Ret2srow ≤ yrowsrow ð116Þ

wyrowNut2Ret2srow ≤ yNut2 ð117Þ

wyrowNut2Ret2srow ≤ yRet2 ð118Þ

wyrowNut2Ret2srow ≥ yrowsrow + yNut2 + yRet2−2 ð119Þ

Product of variables yrowsrow, and yRet3:

wyrowRet3srow ≤ yrowsrow ð120Þ

wyrowRet3srow ≤ yRet3 ð121Þ

wyrowRet3srow ≥ yrowsrow + yRet3−1 ð122Þ

Product of variables yrowsrow, and yRet4:

8 of 16 GONÇALVES ET AL.



wyrowRet4srow ≤ yrowsrow ð123Þ

wyrowRet4srow ≤ yRet4 ð124Þ

wyrowRet4srow ≥ yrowsrow + yRet4−1 ð125Þ

Product of variables yrowsrow, and yRetsRet:

wyrowRetsrow,sRet ≤ yrowsrow ð126Þ

wyrowRetsrow,sRet ≤ yRetsRet ð127Þ

wyrowRetsrow,sRet ≥ yrowsrow + yRetsRet−1 ð128Þ

Product of variables yrowsrow, and yRessRes:

wyrowRessrow,sRes ≤ yrowsrow ð129Þ

wyrowRessrow,sRes ≤ yRessRes ð130Þ

wyrowRessrow,sRes ≥ yrowsrow + yRessRes−1 ð131Þ

4.4 | Constraints associated to the Reynolds and
Nusselt numbers ranges

The formulation developed involving different flow regimes in the

tube-side and in the shell-side yields the constraints represented

below:

X
srow

dPRessrowyrowsrow ≤10 yRes1 + 20 yRes2 + 10
2yRes3

+ 103yRes4 + 10
4yRes5 + 10

5yRes6

ð132Þ

X
srow

dPRessrowyrowsrow ≥10 yRes2 + 20 yRes3 + 10
2yRes4

+ 103yRes5 + 10
4yRes6 + ε̂

ð133Þ

X
srow

dPRetsrowyrowsrow ≤1;311 yRet1 + 2,300 yRet2

+ 3,380 yRet3 + dURet yRet4 ð134Þ

X
srow

dPRetsrowyrowsrow ≥ 1;311 yRet2 + 2,300 yRet3 + 3,380 yRet4 + ε̂

ð135Þ

X
srow

dPNut2srowyrowsrow <3:66 yNut1 + dUNutyNut2 ð136Þ

X
srow

dPNut2srowyrowsrow ≥ 3:66 yNut2 + ε̂ ð137Þ

4.5 | Bounds on pressure drops and flow velocities

The set of constraints presented below represents bounds on pres-

sure drops and velocities. Instead to represent the velocity bounds

in a conventional way, we have rewritten it based on an analysis of

the search space, where it is possible to delimit the design alterna-

tives that violate these constraints. Souza et al.30 has concluded that

this form of representation allow to reach a better computational

performance.

Shell-side pressure upper bound:

XsResmax

sRes=1

X
srow

dPΔPssrow,sReswyrowRessrow,sRes ≤ dΔPsdisp ð138Þ

where dPΔPssrow,sRes = dPΔPcsrow,sRes + dPΔPwsrow,sRes + dPΔPesrow,sRes.

Tube-side pressure upper bound:

XsRetmax

sRet=1

X
srow

dPΔPtsrow,sRet wyrowRetsrow,sRet ≤ dΔPtdisp ð139Þ

where dPΔPtsrow,sRet = dPΔPtubesrow,sRet + dPΔPheadsrow,sRet.

Flow velocities bounds:

yrowsrow =0 for srow2 Svsminout[Svsmaxoutð Þ ð140Þ

yrowsrow = 0 for srow2 Svtminout[Svtmaxoutð Þ ð141Þ

where the sets Svsminout, Svsmaxout, Svtminout, and Svtmaxout are

given by:

Svsminout= srow=dPvssrow ≤ dvsmin− ε̂
n o

ð142Þ

Svsmaxout= srow=dPvssrow ≥ dvsmax+ ε̂
n o

ð143Þ

Svtminout= srow=dPvtsrow ≤ dvtmin− ε̂
n o

ð144Þ

Svtmaxout= srow=dPvtsrow ≥ dvtmax+ ε̂
n o

ð145Þ

where ε̂ is a small positive number.

4.6 | Geometric constraints

The same approach described above is applied to the geometric con-

straints, as follows:

Baffle spacing:

yrowsrow =0 for srow2 SLNbminout[SLNbmaxoutð Þ ð146Þ

where the sets SLNbminout and SLNbmaxout are given by:
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SLNbminout= srow=dPlbcsrow ≤0:2dPDssrow− ε̂n o
ð147Þ

SLNbmaxout= srow=dPlbcsrow ≥1:0dPDssrow + ε̂
n o

ð148Þ

The constraint related to lbcmax is:

X
srow

dPlbcsrow� �
yrowsrow ≤0:5

X
srow

dplbmax1 dPdtesrow + dplbmax2
� �

yrowsrow

ð149Þ

Tube length/shell diameter ratio:

yrowsrow = 0 for srow2 SLDminout[SLDmaxoutð Þ ð150Þ

where the sets SLDminout and SLDmaxout are given by:

SLDminout= srow=cPLsrow ≤3dPDssrow − ε̂n o
ð151Þ

SLDmaxout= srow=cPLsrow ≥15dPDssrow + ε̂
n o

ð152Þ

4.7 | Objective function

The heat transfer area when reformulated into the linear model is

given by:

Min π
X
srow

dPNttsrow dPdtesrowcPLsrowyrowsrow ð153Þ

The corresponding linear form of the total annualized cost is

given by:

Min dacostX
srow

πdPNttsrow dPdtesrowcPLsrow� �dbcost
yrowsrow

+ dccost X
srow,sRet

dPΔPtsrow,sRetcmtbρt wyrowRetsrow,sRet

+ dccost X
srow,sRes

dPΔPssrow,sRes cmsbρs wyrowRessrow,sRes

ð154Þ

5 | MODEL VALIDATION

The MILP model presented above was implemented in the GAMS

software using the solver CPLEX. The example described and

solved by Taborek27 (section B of chapter 3.3.9) was used to vali-

date this MILP model by fixing the geometric choices and then

comparing different results. We fix the carrying error effect of

rounding in the example by using larger number of significant fig-

ures. Results differ lower than 0.012% (corresponding to Sb), as

shown in Table 1.

6 | COMPARISON WITH RESULTS FROM
THE LITERATURE

Example 1, originally proposed by Shenoy,31 is based on the minimiza-

tion of heat transfer area, and Example 2, originally presented by

Mizutani et al.,16 involves the minimization of the total annualized

cost. Both examples were solved by Ravagnani and Caballero17 and

Onishi et al.18 using an MINLP formulation. The comparison of our

results and Ravagnani and Caballero17 and Onishi et al.18 must con-

sider some differences:

• The tube-side correlations in our model are different from the cor-

relations used by Ravagnani and Caballero17 and Onishi et al.18

Our model for the evaluation of the tube-side convective heat

transfer coefficient encompasses all flow regimes. In particular, in

the turbulent regime, we use the Gnielinski correlation, but

Ravagnani and Caballero17 as well as Onishi et al.,18 limited their

analysis to turbulent flow and employed the Sieder and Tate corre-

lation. According to Incropera and De Witt,29 the Sieder and Tate

correlation may yield errors up to 25%, while the errors of the

Gnielinski correlation are lower than 10%;

• There are some differences between the equations used by

Ravagnani and Caballero17 and Onishi et al.18 and the equations

used by Taborek27;

• Ravagnani and Caballero17 and Onishi et al.18 used baffle spacing

as a variable, while we use the number of baffles as an integer vari-

able. As a result, they obtain a spacing that leads to a noninteger

number of baffles, which they round up to the nearest integer

afterwards. They also include tube thickness as an optimization

variable, but in our approach the tube thickness is defined by the

user prior to the optimization;

• Ravagnani and Caballero17 and Onishi et al.18 formulations are

nonconvex MINLP problems and they use a local solver that does

not guarantee global optimality. Instead, our linear formulation

guarantees the identification of the global optimum.

We compare the results from the original references of the

corresponding examples,16,31 with the solutions found by Ravagnani

and Caballero17 and Onishi et al.18 and two sets of results generated

with our model. The first set of our results corresponds to the rating

of the previous solutions using our model and the second set contains

the optimization results obtained using our MILP formulation. Table 2

describes the search space. All the results were generated considering

tube-side velocities between 1 and 3 m/s and shell-side velocities

between 0.5 and 2 m/s. All elapsed times reported here associated to

the optimization runs were measured using a computer with a proces-

sor Intel Core i7 3.41 GHz with 16.6 GB RAM memory.

6.1 | Example 1

This problem was first presented by Shenoy.31 The data of the

problem streams are presented in Table 3. The thermal conductivity
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of the tube material is 50 W/m�C, both fouling resistances are

0.00015 m2�C/W, and the available pressure drops are 42 and

7 kPa for the cold and hot streams, respectively. The minimum

excess area is 0%. The allocation of the streams and the determina-

tion of the tube thickness are not variables in our optimization pro-

cedure, so we employed the values reported in the Ravagnani and

Caballero solution17: the cold stream flows in the tube-side and the

tube thickness is 1.225 mm. The rating of the results of Shenoy31

and Caballero and Ravagnani17 employed the reported values of

shell-bundle clearances: 33 mm and 44 mm, respectively, but in the

optimization using our model, this dimension was modeled

according to Equation (30). The other clearances were determined

according to Equations (31) and (35).

The comparison of the results is displayed in Table 4. The most rel-

evant deviations in the rating of the literature solutions are for the pres-

sure drops in the shell-side in relation to Ravagnani and Caballero17

and the pressure drop in the tube-side in relation to Shenoy.31 The

optimal solution of our model, using a fixed baffle cut ratio equal to the

previous references (0.25), has an area 16.8% lower than Shenoy31 and

38.6.1% lower than Ravagnani and Caballero.17 When including the

baffle cut ratio in the optimization, the same value fixed in the previous

reference was obtained. The elapsed time of the optimization using our

model was 24 min. However, when the same problem was solved using

a fixed baffle cut ratio the computational time was reduced to 4.1 min.

The same problem was also solved by Onishi et al.,18 using

available pressure drops of 45 kPa for the cold stream and 10 kPa

for the hot stream. Table 4 contains the solution reported by Onishi

et al.,18 the rating of this solution using our model with a shell bun-

dle clearance of 31 mm, and the optimal solution found by our

MILP formulation. Our solution obtained an optimal baffle cut ratio

of 0.20 and rendered a reduction of the objective function equal to

19.91% with respect to that of Onishi et al.,18 as shown in Table 4.

The computational time to solve this problem was 22 min. If the

baffle cut is fixed to 0.25, as it was adopted in Onishi et al.,18 the

reduction of the objective function is the same, but the computa-

tional time is reduced to 3.9 min.

We conclude that the differences in results are for the most part

due to the fact that all previous works find local solutions whereas

our is a global one. The differences do not stem from the usage of dif-

ferent correlations.

6.2 | Example 2

This problem was first presented by Mizutani et al.16 The data of

the problem streams are presented in Table 5. The thermal conduc-

tivity of the tube material is 50 W/m�C, the fouling resistance of

both streams is 0.00017 m2�C/W, and the maximum pressure

drops are 68.95 kPa for both fluids. The minimum excess area is

0%. The economic parameters of the objective function are dacost = 123,dbcost = 0.59, and dccost = 1.31. The allocation of the streams assumes

that the cold stream flows in the tube-side and the tube thickness is

equal to 1.675mm. The rating of the results of Mizutani et al.,16

Caballero and Ravagnani,17 and Onishi et al.18 employed the reported

values of shell-bundle clearances: 15mm, 42mm, and 41mm,

respectively, but in the optimization this dimension was calculated

accordingly.

Table 6 presents the results. The costs found by Mizutani et al.,16

Ravagnani and Caballero,17 and Onishi et al.18 are similar, but the

tradeoff between capital and operating costs is considerably different

in each case: the capital cost found by Mizutani et al.16 corresponds

to 53.8% of the total cost, while Ravagnani and Caballero17 found it is

70.5%. The total annualized cost of Onishi et al.18 is slightly smaller

than Mizutani et al.16 and Ravagnani and Caballero.17 The rating of

the solution found by Ravagnani and Caballero17 using our model

yielded similar results. The differences in relation to the pressure

TABLE 1 Validation results

Variable Handbook Our revision Our numerical model Deviation (%)

hi (W/m2 �C) 2,133.50 2,130.6418 2,130.6418 0

hs (W/m2 �C) 1,252.00 1,249.3178 1,249.3178 0

ΔPc (kPa) 3.90 3.9173 3.9173 0.0011

ΔPw (kPa) 6.40 6.3726 6.3727 0.0007

ΔPe (kPa) 3.40 3.5014 3.5014 0.0011

ΔPs (kPa) 13.70 13.7915 13.7915 0.0009

TABLE 2 Standard values of the discrete design variables

Variable Values

Outer tube diameter, dpdtesd (m) 0.01590, 0.01905, 0.02540

Tube length, cpLsL (m) 2.438, 3.658, 4.877, 6.096, 6.706

Number of baffles, dpNbsNb 7, 8, …, 25

Number of tube passes, dpNptsNpt 1, 2, 4, 6, 8

Tube pitch ratio,dprpsrp 1.25, 1.33, 1.50

Shell diameter, dpDssDs (m) 0.2050, 0.3048, 0.3366, 0.3874,

0.4382, 0.4890, 0.5398, 0.5906,

0.6350, 0.6858, 0.7366, 0.7874,

0.8382, 0.8890, 0.9398, 0.9906,

1.0668, 1.1430, 1.2192,

1.3716, 1.5240

Tube layout, bplayslay 1 = triangular 30� , 2 = square 90�

Baffle cut ratio, dpBcsBc 0.20, 0.25, 0.30
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drops and heat transfer coefficients are not higher than 10%. The solu-

tion of Onishi et al.18 and Mizutani et al.16 showed maximum deviations

of 20%, except the shell-side pressure drop. The optimal solutions of

Mizutani et al.,16 Ravagnani and Caballero,17 and Onishi et al.18 are

based on a fixed baffle cut ratio of 0.25 and the inclusion of this param-

eter as a variable in our model yielded an optimal baffle cut ratio of

0.30. The elapsed time of the optimization was 48 min.

Our MILP solution presents a total annualized cost that is consider-

ably lower when compared to the results of Mizutani et al.,16 Ravagnani

and Caballero,17 and Onishi et al.18 When comparing our solution to the

other cited works, we find that the main reason for this large cost reduc-

tion is the decrease of the total number of tube passes to 1, which

allowed a reduction of the pumping costs, through the decrease of the

total length of the hydraulic path, and an increase of the mean tempera-

ture difference (the correction factor for the multipass configuration is

0.812 and is increased to 1 in the countercurrent configuration).

As in Example 1, we believe the large differences in results are

mostly due to the fact that the solutions obtained in previous work

are local solutions. As we checked the issue, we think that they are

not attributable to the differences in correlations and/or modeling.

7 | COMPARISON WITH RESULTS USING
THE KERN METHOD

Table 7 displays a comparison of the application of the proposed

approach with the results present in Gonçalves et al.20 for 10 heat

exchanger design problems. Both approaches are based on linear

formulations; in our case, we used the Bell–Delaware method, and

in the case of Gonçalves et al.,20 the Kern method was employed.

The heat transfer areas calculated using the Kern method are on aver-

age 22% higher than the corresponding results using the Bell–Delaware

TABLE 3 Example 1—streams data

Stream m̂ (kg/s) Inlet T̂ (�C) Outlet T̂ (�C) ρ̂ (kg/m3) μ̂ (mPa�s) cCp (J/kg�C) k̂ (W/m�C)

Hot 14.90 98.0 65.0 777 0.23 2,684 0.11

Cold 31.58 15.0 25.0 998 1.00 4,180 0.60

TABLE 4 Example 1—results comparison—Ravagnani and Caballero17

Variable
Shenoy's31

solution

Shenoy31

rating using
our model

Ravagnani and
Caballero's17

solution

Ravagnani
and Caballero17

rating using
our model

Our MILP model
original available
pressure drops

Onishi et al.18

solution

Onishi et al.18

rating using
our model

Our MILP
model higher
available
pressure drops

Area (m2) 28.40 28.40 38.52 38.52 23.64 28.89 28.90 23.14

dte (m) 0.01910 0.01910 0.01905 0.01905 0.01905 0.01905 0.01905 0.01590

dti (m) 0.01540 0.01540 0.01660 0.01660 0.01660 0.01660 0.01660 0.01345

Ds (m) 0.549 0.549 0.533 0.533 0.387 0.387 0.387 0.387

lay Square Square Square Square Square Square Square Triangular

Npt 6 6 2 2 2 2 2 2

rp 1.33 1.33 1.33 1.33 1.25 1.33 1.33 1.50

L (m) 1.286 1.286 2.438 2.438 2.438 3.658 3.658 2.438

Nb 6 6 19 19 7 9 9 9

Ntt 368 368 264 264 162 132 132 190

vt (m/s) - 2.770 1.108 1.108 1.805 2.215 2.215 2.344

vs (m/s) - 0.668 1.162 0.980 0.737 0.517 0.457 0.589

ht (W/m2�C) 8,649.6 10,145.8 4,087.1 5,484.6 8,506.8 7,283.9 10,216.3 10,989.2

hs (W/m2�C) 1,364.5 1,321.4 1,308.4 1,418.4 1,700.3 2,096.0 1,249.0 1,762.8

ΔPt (kPa) 42.000 86.637 7.706 7.551 18.540 43.040 36.738 36.249

ΔPs (kPa) 3.600 3.195 7.000 10.434 6.491 10.000 4.233 8.856

Abbreviation: MILP, mixed-integer linear programming problem.

TABLE 5 Example 2—streams data

Stream m̂ (kg/s) Inlet T̂ (�C) Outlet T̂ (�C) ρ̂ (kg/m3) μ̂ (mPa�s) ccp (J/kg�C) k̂ (W/m�C)

Hot 27.78 95.0 40.0 750 0.34 2,840 0.19

Cold 68.88 25.0 40.0 995 0.80 4,200 0.59
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method. Due to the higher complexity of the model, the computational

times employed by the Bell–Delaware method are higher than those used

to solve the optimization design problemswith the Kernmethod.

8 | CONCLUSIONS

By recognizing that the geometric variables have discrete represen-

tations, we rigorously reformulated the entire MINLP problem of

the design optimization of shell-and-tube heat exchangers using

the Bell–Delaware method in a form of an MILP problem. Our

reformulation is not an approximation or a linearization by truncat-

ing Taylor series. Rather, it is rigorous, in the sense that the feasible

solutions of the MINLP model are also feasible in the MILP model

and vice-versa. We validated our implemented approach through

its comparison with a literature result.27 The proposed approach

can identify solutions that are significantly better, the most rele-

vant reason for the significant improvement is the local nature of

the optimum found by other approaches.
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NOTATION

Sets

sBc baffe cut, 1, …, sBcmax

sd tube diameter, 1, …, sdmax

sDs shell diameter, 1, …, sDsmax

TABLE 6 Example 2—results comparison

Variable
Mizutani et al.’s16

solution

Mizutani et al.16

rating using
our model

Ravagnani and
Caballero’s17

solution

Ravagnani and
Caballero17 rating
using our model

Onishi et al.18

solution

Onishi et al.18

rating using
our model

Our MILP
model

Total cost ($/y) 5,250.00 5,279.56 5,191.47 5,137.78 5,134.21 4,853.40 3,754.01

Area cost ($/y) 2,826.00 2,825.45 3,663.23 3,461.77 3,175.61 3,175.61 2,510.14

Pumping cost ($/y) 2,424.00 2,454.11 1,528.24 1,676.02 1,958.59 1,677.79 1,243.86

Area (m2) 202.00 202.81 286.15 286.15 247.22 247.22 165.95

dte (m) 0.01590 0.01590 0.01905 0.01905 0.01905 0.01905 0.01590

dti (m) 0.01260 0.01260 0.01570 0.01570 0.01660 0.01660 0.01255

Ds (m) 0.687 0.687 0.838 0.838 0.787 0.787 0.591

lay Square Square Square Square Square Square Square

Npt 2 2 2 2 2 2 1

rp 1.25 1.25 1.33 1.33 1.33 1.33 1.33

L (m) 4.877 4.877 6.706 6.706 6.706 6.706 6.096

Nb 8 8 18 18 17 17 12

Ntt 832 832 713 713 616 616 545

vt (m/s) - 1.334 1.003 1.003 1.039 1.039 1.027

vs (m/s) - 0.467 0.500 0.447 0.500 0.449 0.512

ht (W/m2�C) 6,480.0 7,400.0 4,186.2 5,599.4 4,356.7 5,743.4 5,846.7

hs (W/m2�C) 1,829.0 1,951.7 1,516.5 1,558.8 1,880.2 1,591.6 1,972.0

ΔPt (kPa) 22.676 23.553 13.404 14.701 15.921 14.729 8.650

ΔPs (kPa) 7.494 6.558 6.445 7.065 10.609 7.049 9.468

Abbreviation: MILP, mixed-integer linear programming problem.

TABLE 7 Kern method and Bell method—results comparison

Kern method Bell method

Example
Heat transfer
area (m2)

Elapsed
time (s)

Heat transfer
area (m2)

Elapsed
time (s)

1 624 12 524 232

2 319 11 274 271

3 199 11 158 134

4 872 12 712 146

5 144 12 123 136

6 332 11 284 251

7 207 12 171 164

8 914 12 841 211

9 287 12 219 341

10 327 12 238 118
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sL tube length, 1, …, sLmax

slay tube layout, 1, …, slaymax

sNb number of baffles, 1, …, sNbmax

sNpt number of tube passes, 1, …, sNptmax

srp tube pitch ratio, 1, …, srpmax

srow multi-index

sNut number of Nusselt, 1, …, sNutmax

sRes number of Reynolds on shell-side, 1, …,

sResmax

Parametersdacost area cost constant

dAexc excess area, %

dbcost area cost constant

dccost pumping cost constant

ccp heat capacity, J/kg K

F̂srow correction factor to logarithmic mean temper-

ature difference

k̂ thermal conductivity, W/m K

m̂ mass flow rate, kg/s

P̂ LMTD correction factor parameterdPBcsrow baffle cut, %

dPDssrow shell diameter, m

dPdtesrow outer tube diameter, m

dPdtisrow inner tube diameter, m

cPLsrow tube length, m

bPlaysrow tube layout

dpLtbsDs,sL,sNb diametral clearance between the outer tube

diameter and the baffle holedPNbsrow number of baffles

dPNptsrow number of tube passes

dPNttsrow total number of tubes

bPr Prandtl number

dPrpsrow tube pitch ratio

Q̂ heat duty, W

R̂ LMTD correction factor parameterbRf fouling factor, m2 K/W

T̂ temperature, oCdUNut upper bound on the Nusselt number

dURet upper bond on the Reynolds number

ρ̂ density, kg/m3

μ̂ viscosity, Pa�sdΔPdisp available pressure drop, Pa

dΔTlm log-mean temperature difference

dPψnsNpt,sDs
correction factor of the omission of tubes

inside the shell due to the presence of multi-

ple tube passes

ε̂ small positive number

Binary variables

yBcsBc variable representing the baffle cut

ydsd variable representing the tube diameter

yDssDs variable representing the shell diameter

yLsL variable representing the tube length

ylayslay variable representing the tube layout

yNbsNb variable representing the number of baffles

yNptsNpt variable representing the number of tube passes

yrpsrp variable representing the tube pitch ratio

yrowsrow variable representing the set of variables

yRetsRet variable representing the Reynolds number on

tube-side

yRessRes variable representing the Reynolds number on

shell-side

yNutsNut variable representing the Nusselt number

Continuous variables

A heat exchange area, m2

a, a1, a2, a3, a4 empirical coefficients

b, b1, b2, b3, b4 empirical coefficients

Bc baffle cut

d tube diameter, m

Dctl diameter of the circle delimited by the centers

of the outer tubes of the bundle, m

Dotl tube bundle circumscribed circle diameter, m

Ds shell diameter, m

Dw equivalent hydraulic diameter of a segmental

baffle window, m

f friction factor

Fc fraction of total tubes in cross-flow

Fsbp fraction of cross-flow area available for

bypass flow

Fw fraction of number of tubes in one windows

Gs mass flux, kg/m2

h convective heat transfer coefficient, W/m2 K

hi shell-side heat transfer coefficient for an ideal

tube bank, W/m2 K

Jb correction factor for bundle-bypassing effects

Jc correction factor for baffle configuration effects

ji Colburn factor

Jl correction factor for baffle-leakage effects

Jr the laminar heat transfer correction factor

L tube length, m

lay tube layout

Lbb diametral clearance between the shell and the

tube bundle, m

lbc baffle spacing, m

Lpl length which expresses the effect of the tube

lane partition bypass width, m

Lsb shell-to-baffle diametral clearance, m

Ltb diametral clearance between tube outside

diameter and baffle hole, m
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ltp tube pitch, m

Nb number of baffles

Nc total number of rows crossed along the entire

heat exchanger

Npt number of tube passes

Ntcc number of tube rows crossed in one cross-

flow section

Ntcw number of tube columns effectively crossed in

each window

Ntp number of tubes per passes

Ntt total number of tubes

Ntw number of tubes in the window

Nu Nusselt number

Rb pressure drop correction factor for bundle-

bypassing effects

Re Reynolds number

Rl pressure drop correction factor for baffle-

leakage effects, Pa

rp tube pitch ratio

rs ratio of the shell-to-baffle leakage area to the

sum of both leakage area

Rs pressure drop correction for unequal baffle

spacing at inlet and or outlet

rlm ratio of both leakage areas to the cross-flow

area

Sb bypass area within one baffle, m2

Sm reference normal area for shell-side flow, m2

Ssb shell-to-baffle leakage area, m2

Stb tube-to-baffle clearance, m

Sw area flow thought the window, m2

Swg gross window area, m2

Swt window area occupied by tubes, m2

U overall heat transfer coefficient, W/m2 K

v velocity, m/s

ΔP pressure drop, Pa

ΔPbi shell-side pressure drop for ideal cross-flow, Pa

ΔPc pressure drop in pure cross flow, Pa

ΔPe pressure drop in the end zones, Pa

ΔPw pressure drop in the baffle window, Pa

ψn correction factor of the omission of tubes

inside the shell due to the presence of multiple

tube passes

θctl central angle delimited by the intercession

between the baffle cut edge and the circle

associated to the centers of the outer tubes

θDs central angle defined by the intercession of

the baffle cut edge with the shell
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